(‘ontents

b

Introduction . .. ........ . ... ...
1.1 What Is Mathematical Analysis? . .....................
1.2 Milestones in the History of Analysis. . .................
Real: NUIMDEES . : o oviiviti s 2 55 a0 @ diavemimess 6 & % & o 5 saa i o o 6 o 5 s b
2.1 Natural Numbers and Set Theory . . ....................
2.1.1 EREICISES & ¢ o 56 F asliymirs 8 8 Do s B ot man s B & 4 § & wih
2.2 Axioms for the Real Numbers ... .....................
2.2.1 Arithmetic AXioms . . . ....... ... ...
222 Axioms of Ordering .. ......................
223 Integers and Rationals. . .. ...................
224 @ is Insufficient for Analysis. .. ...... ... ... ...
225 Dedekind Sections . . ........ ... ... . ...
2.2.6 Axiom of Completeness .. ...................
2.2.7 Square Rootof 2 .. ....... ... .. ... .. ... ..
228 EXCTCISBS. . . . oo oo vievimainc i e i snaloaiss o v o s
229 The Functions Max, Min, and Absolute Value . . . ..
2.2.10 Mathematical Analysis .. ....................
2211 BExercies (Contid) 2 it crvnzes 5 s 05 & 5 wmmnen s 5 o v 8 -
2.3 Decimal FraCtlions o s 5 55 & ¢ cvemale © & 2 i 3 po e 25 5 &
231 Practical and Theoretical Meaning of Decimals . . . .
232 Algorithm for Decimals. . . .. .................
233 Decimal Representation of Rational Numbers . . . . ..
234 Repeating Decimals and Geometric Series .. ... ...
2:3.5 EXercises ... ...t
24 Subsets of-IR: & socminduhe % 3 v simie s 5 5 e v 5 B e e
24.1 THErValS OU T i b it & v inin « 6 & 5 & amane e 5 4 & 5
24.2 The Completeness Axiom Again ... ............
243 Bounded Subsets of R . .....................
244 Supremum and Infimum . ... ... ... ... L

Xi



xii

Contents
2.4.5 BXBICISeS . . .00l i e e g, 27
2.4.6 Supremum or Maximum? . .. ....... ... ... .... 27
24.7 Using Supremum and Infimum to Prove
Theorems . . ........ .. ... ... ... .. ..., 28
24.8 The Archimedean Property of R .. ... . ... ... .. 29
249 Exercises (cont’d).......................... 29
2:5 Approximation by Rational Numbers ... ... ... ... .. .. ... 30
2.5:1 Exercises .. ......... ... .. ... ... ... ... 31
Sequences and Series .. ..... ... ... . ... .. ... ... ... .. ... .. 35
3.1 Sequences. . .. ... ... 33
3.1.1 The Notion of Sequence .. ................... 35
3.1.2 Defining a Sequence by Induction . ............. 37
3.1.3 INNNIIEISETIOs « o ; o v5 56 25 Boins &5 4 & & Lol 38
3.2 1 L1 | L LT LT T T D I 39
321 Writing the Definition of Limit in English,
and inLogic................... ... ... ...... 40
322 Limitsiare DHgue - i « = « o o commenns @ 4 v o5 iaessi 42
323 Exercises .. .......... ... .. .. ... ... . ... 42
324 Free Variables and Bound Variables ... ... ... .. 43
375 Proving Things Using the Definition of Limit. . . . . . 44
3.2.6 Denying That lim, oo a, =1. ... ... ... ... ..... 45
3.2.7 Two Fundamental Limits .................... 46
32.8 Bounded Sequences . ......... ... ... .. ... .. 47
329 The Limits oo and —oco. . ... ... ... .. ... .... 47
3.2.10  Exercises (cont’d) . . ......... ... .. ... ... .. 48
33 Monotonic Sequences . . ............ ... 49
5:3.1 Limits and Inequalities . ... ......... ... ... .. 50
332 Exercises .. ......... . ... 51
34 LimitRules. .. ... ... .. ... .. ... . ... . .. . . . ... 52
34.1 Exercises .. ........ .. .. ... ... .. 55
3.5 Limit Points of Sets ... ........ ... ... ... ......... 57
351 Weierstrass’s Theorem on Limit Points . ... ... ... 58
352 EXErcises . .ovvnie i v vvdiionvuiens v vmninns i 59
3.6 SUDSBQUENCES . . ..\ttt e et 60
3.6.1 EXEICISES o v o v vt oie vieaiee it et e e e e enannns 62
3.7 Cauchy’s Convergence Principle . ..................... 63
38 Convergence of Series. . .. .......................... 64
3.8.1 Rules for Series . ................ ... ... ... 65
3.8.2 Convergence Tests . ........................ 65
3.8.3 The Simplest Convergence Tests: Positive Series ... 66
3.84 Geometric Series and D’Alembert’s Test . ... ... .. 67
3.8.5 EXEICISes. v iv i i e it e s o v e v eenieien e 68
38.6  The Series > - 1/ ... ... 70

Lontents xiii
3.8.7 Telescopingedefiesng., <. . ..o oi e i 71
3.8.8 Exercisesi(cofitdddsimtu s . . o ovven st 72
19 Decimals Reprised . ........ ... ... ... ... ... .... 73
3.9.1 Exercises: . . afotifia o0 iov . ddi e i e n s 77
3.10 () Philosophical Implications of Decimals . .. ........... 77
3.10.1  Pointers to Further Study . ................... 79
3.11  (¢) Limit Inferior and Limit Superior ... ............... 80
3ill.]l  EXEICISes: : it Bisd g o ¢ sadtnimvik & 5 6 o seswinin 4 6 82
3.11.2  Uses of Limit Inferior and Limit Superior . ....... 83
3113  Exercises (Contid) i x ¢ ¢ ¢ s s Shoin v v s sk 85
3.114  Pointers to Further Study . ................... 85
3.12 (<) Continued Fractions . .. ......................... 85
3021 EXETCiSeS . . v oot e 88
3.12.2  Pointers to Further Study ... ............ ..... 89
4  Functions and Continuity . ............................... 91
4.1 How Do We Talk About Functions? .. ................. 91
4.1.1 Examples of Specifying Functions . . . .. ......... 92
42 Continuous Functions . .. ........................... 93
4.2.1 Exercises . ........ ... ... 95
422 Limits of Functions. . .. ........... . ... ..... 95
423 Connection Between Continuity and Limit. . ... ... 97
424 LEimit-RUles  coueias < < 2os s vmemsoa i 7 5 - papasmen b 5 97
425 Continuity Rules =« : i sasen s ass s caninnnn s 99
4.2.6 Left and Right Limits . . .. ................... 99
4277  The Limits lim,_ f(x) and lim,_._o f(x) ........ 101
428 The Limits oo .. ... ... ... .. ... ... 101
429 Exercises (cont’d) . .......... ... . . ... 102
4210 Bounded Functions . ........................ 103
4.2.11 Monotonic Functions .. ..................... 104
4.2.12  Discontinuities of Monotonic Functions . . ... ..... 105
4213  Continuity of /X . ... ... . . 106
4.2.14  Composite Functions. . . ..................... 106
4.2.15  Limits of Functions and Limits of Sequences . . .. .. 107
4:2.10:  IMerations . . cwcieiiei & s snmimmos s & o 5 b s & 108
42.17 Exercises (cont’d). . ................ ... ..... 109
43 Properties of Continuous Functions ... ........... ... ... 111
43.1 The Intermediate Value Theorem. .............. 111

43.2 Thoughts About the Proof of the Intermediate
Value Theorem. .. ......................... 112

4.3.3 The Importance of the Intermediate Value

Theoremiss Loduticods - on diinin 2 5 o 5 ¢ v % & 4 113
434 The Boundedness Theorem .. ................. 113

4.3.5 Thoughts About the Proof of the Boundedness
THEOTEIM . e o 5 % s 5 d it 5 5 4 & e o e 115



Xiv

Contents
4.3.6 The Extreme Value Theorem. ................. 115
4.3.7 Using the Extreme Value Theorem ............. 116
438 Exercises .. ........ .. e i 117
4.4 Inverses of Monotonic Functions . . .. .............. ... . 118
4.4.1 BEICIREE o vd s Bt s et 52 8 8 0 5 4 endies o o e 121
4.5 Two Important Technical Propositions .. ... ............. 121
4.5.1 The Oscillation of a Function ... .............. 122
4.5.2 Uniform Continuity. ... ............... .. ..., 124
453 Exercises ... ....... ... ... . . . . 124
4.6 (<) Tterations of Monotonic Functions . . . ............ ... 125
4.6.1 EXEICIBLS. coovii i &% ¢ iterunas e & 5 & oioissian 5 6w o8 127
4.6.2 Pointers to Further Study ... ................. 127
Derivatives and Differentiation . . ... ... ... .. ... ... .. . .. ... 129
5.1 The Definition of Derivative . ... .................. ... 129
Sal.1 Differentiability and Continuity . .. ... ....... .., 130
5.1.2 Derivatives of Some Basic Functions . .. ....... .. 131
5.13 Exercises ........ ... ... .. .. . ... .. 132
5.2 Differentiation Rules . . . ........ ... ... ... ... .. ... .. 134
5.2.1 Differentiation of the Power Function . .......... 135
3.2.2 The Chain Rule .. ..................... ..., 136
5.2.3 Differentiation of Inverse Functions . .. ..... .. ... 138
5.2.4 Differentiation of Fractional Powers . .. .......... 139
5.2.5 Exercises . ... 139
5.3 Leibniz’s Notation. . .. ................ ... ... .. ... . 141
53.1 Tangent Lines. . ........................... 141
532 Differential Quotients .. ..................... 142
533 The Chain Rule and Inverse Functions
in Leibniz’s Notation ..................... .. 143
5.34 Tangents to Plane Curves .. .................. 144
5.3.5 Exercises . ........ ... .. . .. 146
54 Higher Order Derivatives. . ................... .. ..... 147
54.1 EXOICISeS oot mns o i s b 5 5 5 e s s 147
5.5 Significance of the Derivative .. .................... .. 149
551 Maxima and Minima. . ... ............... . ... 151
552 Finding Maxima and Minima in Practice .. ... .. .. 152
553 Exercises ... ... ... ... ..., 152
5.6 The Mean Value Theorem . . .. ........... ... ... .... 153
5.6.1 First Consequences of the Mean Value Theorem ... 154
5.6.2 EXCICIBCS e v ¢ 5 ¢ SAUNNTE 1 5ons 8 di i 5 a e 155
5.7 The Derivative as a Linear Approximation . . .. ........ .., 156
5.7.1 Higher Derivatives and Taylor Polynomials .. .. ... 156

5.7.2 Comparison to Taylor’s Theorem ............ .. 157

Lontents

6

XV
593 Cauchy’s Form of the Mean Value Theorem . . . . .. 158
5.7.4 Geometric Interpretation of the Mean Value
ThEOTEMe s o3 45 - o 20 it b S8 5 v R 5 8 5 3 158
5.7.5 EXErCiS e namamaudtile ootintorse v b b d i s oatins s 8 1 4 5 4 160
5.8 L'Hopital’s Rule . . s oii v i viin vt iinonevan, 161
5.8.1 Using L'Hopital’s Rule . . ... .............. ... 163
582 Is There an Error in the Proof? .. .............. 164
583 Geometric Interpretation of L'Hopital’s Rule . . . . .. 164
5.84 Iterative Use of L’Hopital’s Rule: Taylor
Polynomials Again .. ............ ... ... ... ... 164
5.8.5 Application to Maxima and Minima. . ........... 166
5.8.6 More on L’Hopital’s Rule: The co/oo Version. . . . . 167
5.8.7 EXErCiSes . . .o ov vt 169
5.9 ($) Multiplicity ... ... .. . 171
59.1 EXErcises . . ... ..o 172
592 Sturm’s Theorem .. ......... ... ... .. ... ... 173
593 Exercises (cont™d) . . . ........ ... ... .. ... ... 175
594 Pointers to Further Study .. .................. 176
510 Convex Functions . . . ........ ... . i 176
5.10.1  Tangent Lines and Convexity ................. 178
5.10.2  Inflection Points . . ......................... 180
9408  EXEICISES o = 5 5 & & mmvinysones 5 5 ¢ & 2 sesbeni s & 5 % & 181
S:l1 () Jensen’s INSGUALILY == = = ¢ 5 5 5ot 55 5 7 & Smaams s 5 5y 184
S: 1101 EXCICISES v o o6 4 ¢ 5 5l et 4 5 & ¢ 8 e i @ 2% 186
5.11.2  Pointers to Further Study . ................... 186
5.12  ({) How Fast Do Tterations Converge? ................. 186
5.12.1  The Babylonian Method . ........... .. ... ... 189
5122 Newton's-Method . . = : . cneecios v« ¢ 5 2 sgenns & o o - 190
9:123  EXETCISES asniaisn & o 5 & & Ssinbiinitie & 5 4 8 & slsueiion « & & & 191
5.12.4  Pointers to Further Study ... ................. 193
Integrals and Integration . ............................... 195
6.1 Two Unlike Problems . ............................. 195
6.2 Defining the Riemann-Darboux Integral . . . ... ........... 196
6.2.1 Thoughts on the Definition .. ................. 199
6.3 First Results on Integrability ... ...................... 200
6.3.1 Riematin’s Condition: . . .. ioums vu e o 5 v wsmines oo s 201
6.3.2 Integrability of Continuous Functions and
Monotonic Functions . ...................... 202
6.3.3 Two Simple Integrals Computed . ... ........... 204
6.4 Basic Integration Rules . .. ........ ... ... ... .. ... ... 205
6.4.1 Integration of Step Functions. .. ............... 208
6.4.2 The Integral fromato b .. ... . ... ... ... ... 208



Xvi

Contents

6.4.3 Leibniz’s Notation for Integrals . . . ... ..... .. .. 209
6.4.4 WIREtulfESHMALES . . it e i in iy v i s s e s nn e s 209
6.4.5 BXEICIBES . .« < . o vocv i B i e ey e 211
6.5 The Connection Between Integration and Differentiation . . . . . 214
6.5.1 Thoughts About the Fundamental Theorem . ... ... 217
6.5.2 Exercises . ...... ... ... . ... 219
6.6 (¢) Riemann Sums. .. ...... ... ... .. .. ... .. ..... 220
6.6.1 Things You Can Do with Riemann Sums. ... ... .. 224
6.6.2 IBXCICISOR! v B0 cvie o ot & msc s s 3 8 6 foile 225
6.6.3 Pointers to Further Study .................... 225
6.7 ({) The Arc Length, Volume and Surface of Revolution
Integrals .. ... .. ... .. L 226
6.7.1 Length of Parametric Curves . .. ............... 227
6.7.2 Exercises . ......... .. ... 228
6.7.3 Volumes and Surfaces of Revolution . . .......... 229
6.7.4 Bxercises (Cont'd) = oaew < ¢ o 5 somigr s 27 5 & oo 230
6.7.5 Pointers to Further Study . ................... 231
6.8  (¢) Approximation by Step Functions . .. ............... 231
6.8.1 Exercises . ....... ... ... .. ... . 235
6.8.2 Pointers to Further Study . ................... 236
The Elementary Transcendental Functions . . . ... ... ... .. .. .. 237
7.1 Trigonometric FUNCHONS -« v« v v v ¢ v vimes o8 s s s ainins 238
7.1.1 First Steps Towards Defining Sine and Cosine . . . . . 238
7.1.2 The Differential Equation y"+y=0............ 241
7.1.3 Extending sinx............................ 241
7.1.4 Defining Cosine . . ......................... 242
7.1.5 Differentiating cosx and sinx .. ... ............ 243
7.1.6 Addition Rules for Sine and Cosine............. 243
7.1.7 Parametusing the: CirCle, : memimnios o 5 8 s oo v o o 244
7.1.8 The Trigonometric Functions tan x, cotx, secx,
[T 244
7.1.9 The Derivatives of arcsin x, arccos x and arctanx ... 245
7.1.10  Exercises ..................... ... 246
72 Logarithms and Exponentials . .. .................... .. 247
7.2.1 Defining the Natural Logarithm and the
Exponential Function. . ........ ... .00 ... 247
722 Exponentials and Logarithms with Base @ . ... .. .. 249
7.2.3 The Laws of Logarithms and Exponents .. ... ... . 250
724 Differentiating @* and x* .. .. ... ... ... ... ... 251
7.2.5 Exponential Growth .. ...................... 251
7.2.6 Hyperbelic Functions. .« s d i v v vvminn v o s 252

Contents

9

10

xvii

727 The Differential Equation ¥/ = ky. .............. 253

7.2.8  The Antiderivative [(1/x)dx................ .. 253

7.2.9 Exercises ToVMBRERIG S0, o0 n it s e 254

7.3 (¢) Defining Transcendental Functions ................. 257
7.3.1 EXercisesi s Oeda d0 4 do o . banilin g s v s e 259

7.3.2 Pointers to Further Study .. ................ .. 262

The Techniques of Integration . ... ... ..................... 263
8.1 Integration by Parts and by Substitution . . ............... 263
8.1.1 Finding Antiderivatives by Substitution .. ........ 265

8.1.2 EIXCICISERI & viomiiiin &« & i« it sihiaadnt % 5 5 % & 3osibosnan 266

8.2 Integrating Rational Functions . .. ..................... 271
8.2.1 Partial Frachions a5 s 00 ssrenree v i § 8 8 ariiis 272

8.2.2 Practicalities. . . .............. ... ... .. ..... 272

8.2.3 QOutline of Proof . ... ... .. ... ... .. ... .... 274

8.2.4 How to Integrate the Fractions. . .. ............. 276

8.2.5 Integrating Rational Functions of sin () and cos @ ... 277

8.2.6 Further Useful Reduction Formulas . ... ......... 278

8.2.7 FIXCICISES . vorvivnnnis i 5 & & 4 8 dsrd s o s & § B 279

8.3 (¢) Ostrogradski’s Method .. ........................ 281
8.3.1 EXercises . .. ..., 284

8.3.2 Pointers to Further Study .................... 284

8.4 (<) Numerical Integration . . ......................... 284
8.4.1 Trapezium Rule .. ......................... 285

8.4.2 MidpoIntRUIE s 5 5 0 0 v 2 ey 2 5 5 5 3 & e nem s 3 285

8.4.3 Simpson’s Rule ........................... 286

844 Proof of the Error Estimate . . ................. 286

8.4.5 Exercises . ........ .. .. . e 288

8.4.6 Pointers to Further Study .. .................. 289
Complex Numbers .................. . ... ... ..., 291
9.1 The Complex Number Field ...................... ... 291
9.1.1 SAUATCIROOIS oo i 5.5 5 5 snzses & 8 3 & & % omss 4 b 293

9.12 Modulus and Conjugate . .................... 294

9.1.3 EXETCISES. & - o s 2 s faeines & 5 5 F Bdesinnciae 296

9.2 Algebra in the Complex Plane . . . ..................... 297
9.2.1  n™ Root of a Complex Number. .. ............. 297

9.2.2 Logarithm of a Complex Number .............. 298

9.2.3 EXCTCISES iz s & 5,0 w oot s 2 5 2 5 2 em s @ 301
Complex Sequences and Series . ... ......... ... ... ... ... ... 305
10.1  The Limit of a Complex Sequence..................... 305
102 Complex Series. ... ...ttt 307



Xviii

11

Contents
10.2.1  Absolutely Convergent Series . ................ 307
1022 Cauchy’s Root Test ........................ 308
10.2.3  Extended Forms of the Ratio and Cauchy’s Tests. .. 308
10.2.4  Conditional Convergence: Leibniz’s Test . ... ... .. 309
10.2.5  Rearrangements of Absolutely Convergent Series . . . 311
L0256, IERBTCIBES, . snvts « « 5 i Grmnoriin 4 & e » Savissoncs 4 & ¢ 4 312
10:3: BlodUCHOMSENess . couma v 50 2 ramunnes 2 5 0 3 Semes s 2 5 s 314
10.3.1  Cauchy Product of Series . ................... 316
10:3:2  BXeICISES o vovs 4 o F i d it s dd i s d it s i s b s 317
104 ({) Riemann’s Rearrangement Theorem .. .............. 318
1041 EXercises . ............ououiiiine.. 320
10.4.2  Pointers to Further Study ... ................. 320
105 () Gauss™s TeSt . ..ot vttt 320
LOSSE EXEICISES. aciiic i ¢ 55 snmnram =5 5 ¢ 5 5 somgrnse 4 5 § 2 323
10.5.2  Pointers to Further Study . ................... 323
Function Sequences and Function Series. . . ... ........ ... .. .. 325
11.1  Problems with Convergence. . .. ...................... 325
11.2  Pointwise Convergence and Uniform Convergence ......... 327
11.2.1  Cauchy’s Principle for Uniform Convergence. . . ... 328
11.2.2  Uniform Convergence and Continuity . .......... 329
11.2.3  Uniform Convergence of Series. . .............. 329
11.2.4  Cauchy’s Principle for Uniform Convergence
of Function Series. .. ........... .. .......... 330
11.2.5  Integration and Uniform Convergence ........... 331
11.2.6  Differentiation and Uniform Convergence
Of SCFIS iic s 5 5 & v stiusmivniss & o '« & s oradsgsrain 5 o o 55 & 332
BE2F  EXETCISES v v @« ¢ sroviwint 5 ok 6 3 Saiaiimos 5 2 5 35 « 333
113 POWEL SEiES. . . v v vttt et e 336
11.3.1 Radius of Convergence . ... .................. 337
11.3.2  Determining the Radius of Convergence
by the Ratio Test . ......................... 338
11.3.3  Uniform Convergence of Power Series. .. ... ... .. 339
11.3.4  The Exponential Series . . .................... 339
Fl:3:5 * The Numbere « -: ¢ comanvic s s 55 srmusas s s o4 341
11.3.6  Differentiating a Power Series . . .. ............. 342
1137 EXErCISes s . ! i fine i s it iovnna b 344
11.4  The Power Series of Common Elementary Functions . ... ... 345
11.4.1  Unification of Exponential and Circular
Functions ... . . . ... coivesiade oo o ymimione e s oo o s 345
11.4.2 The Binomial Series . . ............... ... ... 346
11.4.3  Series for Arctangent ... .................... 349
11.4.4  Abel’s Lemma and Dirichlet’s Test .. ........... 350

Contents Xix
11.4.5  Abel’s Theorem on Power Series. ... ........... 352
11,4.6 EXErCISES .« o b v 068 ius o 5 o 08 o vmioioin'a i m o v aiene 353
11.5 () Summability Theories. . . ........................ 360
11.5.1  Abelian Theorems and Tauberian Theorems . .. .. .. 361
11.52 FExercises .......Luieveeeaioiiennnannines 362
11.5.3 Pointers to Further Study .................... 363
1.6 (<) The Irrationality of eand . . .................. ... 363
11.6.1  Solutions . ... ov i 364
11.6.2  Pointers to Further Study . ................... 366
11:7  Taylor SEries :iocens o s a5 0 casmonsiis 58 5 5 o sonrnistn ¢ % 8 5 o s 366
11.7.1  Taylor’s Theorem with Lagrange’s Remainder . . . . . 367
11,72 Error Estimates. . . ... ...................... 370
11.7.3  Error Estimates for In(1+x) .. ................ 371
11.7.4  Error Estimates for (1 +x)"................... 372
11.7.5 Taylor’s Theorem with Cauchy’s Remainder ... ... 373
11.7.6  Taylor’s Theorem with the Integral Form
of the Remainder . .. ...... .. ... ............ 375
11.7:7  EBXETCISES « iron s v w ot v v i3 s 50 Boirnnt 5% v 5 377
1.8 ($) Bernoulli Numbers . ... ......................... 381
11.8.1  Computing the Bernoulli Numbers. . ............ 385
11.8.2  EXercises . ...........uuouiiiiiaa... 386
11.8.3  Pointers to Further Study .. .................. 386
11.9  ($) Asymptotic Orders of Magnitude .. ........... ... .. 387
11.9.1  Asymptotic Expansions . . .................... 389
11.9.2 Pointers to Further Study . ................... 391
11.10 () Stirling’s Approximation. . . ...................... 391
11101 Proofs ... 392
11.10.2 EXEICISES & v v vt e e e e e e 394
11.10.3 Pointers to Further Study . ................... 395
12 Improper Imtegrals ... ... ... ... ... .. ... .. ............. 397
12.1  Unbounded Domains and Unbounded Integrands . ......... 397
12.1.1  Key Examples of Improper Integrals . ........... 399
12.1.2  The Comparison Test for Improper Integrals ... ... 400
12,13 EXEICISes .. ...t 401
12.2  Differentiation Under the Integral Sign. .. ............... 403
1221  EXercises ........... ..oy 404
12.3  The Maclaurin—~Cauchy Theorem . . ... ................. 405
12.3.1  The Euler-Mascheroni Constant .. ............. 407
12.3.2 BXCICISES « . o oiies i 2 30 s v 52 8 3 & et 408
124 Complex-Valued Integrals . . ......................... 409
12.4.1  Absolutely Convergent Integrals .. ............. 411
12,42 EXEerCiSes ... .. ... .. ... 412



XX Contents
12.5  (¢) Integral Transforms ... ...... ... ... ............ 418
12.5.1  Fourier Transform. ... ...... ... .. .......... 418

1252 EXercises .. ...........ouiuuiuninin. .. 419

12.5.3° Laplace¥Bransform. . . oo i i s v s s 2 5 4 5 & 420

1254  Exercises (cont’d). .. ....................... 420

12.5.5 Pointers to Further Study .. .................. 422

126 () The Gamma Function. . . ........................ 422
12.6.1  EXEICISESs . . ..o i it e e 423

12.6.2  Pointers to Further Study ... .............. ... 426

Appendix: Afterword and Acknowledgements ... ... .. ... ... ... . .. . 427
BRAEX . - s ciie s tiiin it i o s b § s e G TR R § T S e 429



