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Net-proton-number kurtosis and skewness in nuclear collisions: Influence of deuteron formation
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We explore the influence of deuteron formation in the late stage of nucleus-nucleus reactions on the fluctuations
observed in the final net-proton yields around midrapidity. At each investigated energy, the produced (anti)proton
yield at chemical freeze-out is assumed to fluctuate according to a Poisson distribution and in each event the
probability for deuteron formation by coalescence is proportional to (dNproton/dy)2. The protons that are then
clustered in deuterons are usually not included in the experimental measurement of the net-proton fluctuations,
therefore, we subtract these clustered protons from the final state proton number for the calculation of the
net-proton fluctuations (the same is done in the antiproton sector). Due to the nonlinear deuteron formation
probability the resulting distribution is not a Skellam distribution, but shows the interesting feature of a decrease
in the kurtosis κσ 2 and a local maximum in the skewness Sσ observables as the collision energy decreases.
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I. INTRODUCTION

The exploration of the properties of ultrahot and superdense
nuclear matter is among the most challenging scientific
endeavors today. The collisions of heavy ions allow to explore
these properties in the laboratory for the first time with
unprecedented precision. Fluctuation observables have gained
very great interest in recent years as they may be sensitive to
the structure of the QCD phase diagram. In particular they can
serve as an indicator for the first-order deconfinement phase
transition and the associated critical end point [1–4]. Particle
number fluctuations were first explored in experiments at the
Super Proton Synchrotron (SPS) [5,6]. With the availability
of the first lattice QCD data on higher-order susceptibilities
in [7] these investigations [4,8–13] have moved to the next
level and have been intensively explored with STAR’s Beam
Energy Scan (BES) at the BNL Relativistic Heavy Ion Collider
(RHIC) facility [14]. Recent results from the BES program
indicate a nontrivial beam dependence of the higherorder
net-baryon number cumulants. This is of particular interest, as
these higher-order cumulants are very sensitive to the existence
of a second-order phase transition [15,16] and the associated
fluctuations and correlations.

While irregular structures have been observed in the
experimental data, the interpretation and final experimen-
tal validation are still missing today. For example, effects
of conservation laws [17–19], final state hadronic interac-
tions [20], repulsive hadronic interactions [21], and acceptance
effects [22] as well as efficiency corrections [23] are consid-
ered to be very important for the interpretation of experimental
results.

It is therefore essential to understand all trivial and
nontrivial effects which have an influence on the observed
cumulant ratios, in order to make conclusions on the ex-
istence and discovery of a phase transition and critical
endpoint.

In the following we suggest a further uncertainty, arising
from nuclear cluster formation, that needs to be taken into
account before final conclusions from these fluctuation ob-
servables should be drawn.

II. SET UP

For this exploratory study, we will stay with a simple
physical picture to elucidate the main effect of cluster
production on the observable fluctuations. It is clear that
more elaborate studies will be needed to allow for a detailed
and more quantitative investigation of the effect of cluster
formation.

The scenario is as follows. We assume that the number of
chemically frozen out protons in some midrapidity interval ni

fluctuates according to a Poisson distribution

Pi(ni) = λni
p

e−λp

ni!
. (1)

Here, λp is the mean number of these initial protons. It is
important to realize that after deuteron coalescence some of
them will be hidden in deuterons and thus will disappear when
counting the observed final state protons. Therefore, λp is
unknown at this point but will be determined from the observed
proton and deuteron yields later. At higher collision energies
a similar procedure should be done for antiprotons. We will
show, however, that for the energy range of SPS and below
their influence can be neglected.

Next, we assume that the probability to form a deuteron
by coalescence after the kinetic freeze-out is in each event
proportional to the actual initial proton yield squared in that
event [24–26], i.e.,

λd = Bn2
i , (2)
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with a coalescence parameter B which depends only on the
beam energy. At this point we make the assumption that the
neutron yield in a single event is proportional to the proton
yield in that event. If the neutron yield was uncorrelated
with the proton number the correlation between proton and
deuteron production in a single event is weakened. This
feature may be experimentally checked by measuring the
production yield of deuterons as a function of the proton
number, in a specific centrality bin. Further, it is important
to note that this assumption is only valid in the absence of
volume fluctuations. In a scenario where volume fluctuations
dominate the observed proton number fluctuations (due to,
e.g., wide centrality bin selections), both the proton and
deuteron number fluctuations will scale with the fluctuations
of the volume ni ∝ nd ∝ V . As a result the measured proton
number distribution will be described by a Skellam distribution
because proton and deuteron fluctuations can be described with
independent Poisson distributions. In the case of vanishing
volume fluctuations, as is usually ensured by the tight cuts
performed by the experiments, the deuteron number can
be considered correlated with the initial proton number, as
presented in Eq. (2).

The deuteron yield nd in an event with initial proton mul-
tiplicity ni then fluctuates according to a Poisson distribution

Pd (nd |ni) = λ
nd

d

e−λd

nd !
= (

Bn2
i

)nd e−Bn2
i

nd !
. (3)

The observed deuteron distribution is obtained by summing
over initial proton yields as

Pd (nd ) =
∑
ni

Pd (nd |ni)Pi(ni) . (4)

To get the observed proton number, we have to subtract
from the initial protons those which went into deuterons

dNproton

dy
= np = ni − nd . (5)

The distribution of np then follows from the appropriate
convolution of Pi(ni) with Pd (nd |ni):

P (np) =
∑

ni�np

∑
nd

Pi(ni)Pd (nd |ni)δnp,ni−nd

=
∑

ni�np

Pi(ni)Pd (ni − np|ni) . (6)

The two parameters in this model are the mean initial proton
number λp and the coalescence factor B. They can be fixed
from the mean observed proton multiplicity and the mean
observed deuteron multiplicity

〈np〉 =
∑
np

npP (np), (7)

〈nd〉 =
∑
nd

ndPd (nd ) , (8)

where P (np) and Pd (nd ) are determined in Eqs. (6) and (4).
Then, the distribution P (np) can be used to calculate any
moments of the proton distribution.

FIG. 1. (Color online) The midrapidity proton, antiproton, and
deuteron yields from experimental data (symbols) and the corre-
sponding deuteron yield (red solid line) which was extracted using
the thermal fit to the d/p ratio, for central Au + Au reactions.

Deuteron multiplicity has been measured in nuclear col-
lisions at various energies. At low energies the data were
abundant and the deuteron-to-proton multiplicity ratio was
proposed as a measure of the entropy in the system [27]. From
Alternating Gradient Synchrotron (AGS) to top RHIC energies
the available data are actually well fitted by the thermal model.
The deuteron-to-proton multiplicity ratio at midrapidity can be
parametrized as

d

p
= 0.8

[√
sNN

1 GeV

]−1.55

+ 0.0036 ,

as shown in [28]. Figure 1 depicts the midrapidity proton, an-
tiproton, and deuteron yields from experimental data (see [28]
and references therein) and the thermal model parametrization
of the deuteron yield [29] which serve as input for our
calculations.

Using this input we calculate the variance σ , skewness S,
and the kurtosis κ from the distribution P (np)

σ 2 = 〈(np − 〈np〉)2〉, (9)

S = 〈(np − 〈np〉)3〉
σ 3

, (10)

κ = 〈(np − 〈np〉)4〉
σ 4

− 3 . (11)

III. ANALYTIC RESULTS

For illustration, in Fig. 2 we show the scaled skewness Sσ
and in Fig. 3 the scaled kurtosis κσ 2 of the distribution P (np)
as functions of the observed mean proton number 〈np〉 and the
coalescence parameter B.

Recall that both Sσ and κσ 2 would be equal to unity if
the underlying observed proton distribution was Poissonian.
(There is a deviation from 1 for Sσ if the distribution was
Skellam, but we will scale it out later in the presentation of
results.) This is really so in the absence of deuterons, i.e., when
B = 0 or for small numbers of observed protons.
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FIG. 2. Scaled skewness Sσ as a function of the mean observed
proton number and the coalescence parameter B in the region of
values relevant for AGS and SPS collision energies.

We also see a strong deviation from unity for large values of
〈np〉 and B. In fact the scaled kurtosis may take values which
are both smaller or larger than unity.

For a medium value of proton multiplicity and/or coa-
lescence parameter the obtained deuteron number limits the
possible observed proton number fluctuation. Since the mean
deuteron number scales with the square of proton number,
if the proton number becomes large in an event, the number
of deuterons makes even larger relative deviation from the
mean. This limits the fluctuations of the observed protons
mainly on the upper side of the distribution and the tails of
the distribution are below a comparable Poisson distribution.
When the deuteron number grows further, it starts pushing the
observed proton number down [in agreement with Eq. (5)].
This increases the deviations of the proton number from the
mean to lower values. The left tail of the distribution is above

FIG. 3. Same as Fig. 2 but for the scaled kurtosis κσ 2.

FIG. 4. (Color online) Analytic results for the skewness and
kurtosis for Au + Au collisions in the energy range where antiproton
production is not important.

Poissonian and the kurtosis grows. The skewness becomes
clearly smaller.

Figure 4 shows the results for the beam energy dependence
of the scaled skewness and kurtosis, using as input measured
midrapidity yields of protons and deuterons. We observe
a clear deviation from unity for all beam energies under
consideration.

IV. RESULTS INCLUDING ANTIPROTONS

In order to extend our investigations to beam energies
higher than

√
sNN ≈ 10 GeV, we need to include the effects of

antiprotons and antideuterons into our study. This extension
of our approach is straightforward. As the measured mean
proton and antiproton numbers are known we can assume that
both the proton and antiproton number separately follow a
Poisson distribution. From this assumption, the initial proton
and antiproton number can be sampled independently and
according to their measured multiplicities, as described in the
previous section. Since the fluctuations of both are described
by uncorrelated Poisson distributions the fluctuations of the
initial net-proton number should be described by a Skellam
distribution. Assuming that the coalescence parameter for
antideuterons is identical to that of deuteron formation we
can numerically determine the final net-proton number in a
given event as

np−p = (ni − nd ) − (ni − nd ), (12)

as well as the corresponding net-proton number distributions.
To obtain the mean final net-proton number and its cumulants
we perform a numerical sampling of the initial proton and
antiproton number as well as the corresponding (anti)deuteron
numbers in each event. To achieve satisfactory statistics we
sample 109 events per beam energy. The resulting scaled
cumulants of the proton number distributions, Sσ and κσ 2,
are shown in Fig. 5 as functions of energy for central Au + Au
reactions over a broad range of energies. We compare our
numerical results including antiprotons and antideuterons with
the analytical results obtained in the previous section. For
the lower SPS energies only small variations are observed.
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FIG. 5. (Color online) The quantities Sσ and κσ 2 as functions of
energy for central Au + Au reactions over a broad range of energies.
Compared are the numerical and analytic results. We clearly observe
a drastic deviation from the expectation of a Poisson or Skellam
distribution.

We clearly confirm the drastic deviation from the expectation
of a Poisson or Skellam distribution. The κσ 2 and Sσ show
strong deviations from unity as the energy decreases and the
deuteron fraction increases. This indicates that the formation
of deuterons after the kinetic freeze-out may lead to substantial
modifications of the fluctuation observable considered here.

V. SUMMARY

In light of the ongoing debate on the interpretation of the
recently and currently measured data on fluctuations, we have
explored the influence of deuteron formation on fluctuation
observables. We employed a standard approach and used the
deuteron formation probability as proportional to the square
of the proton yield. This nonlinear coupling of the proton and
deuteron yields results in a substantial modification of the
fluctuation patterns towards low energies: a strong reduction
of the κσ 2 and Sσ/Skellam observable has been found.
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